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Plenum Chamber Effect on Wind-Timnel Resonance
by the Finite-Element Method

In Lee*
Stanford University, Stanford, California

A finite-element approach is developed for predicting the so-called "resonant" frequencies of subsonic wind
tunnels with plenum chambers. The resulting computer code has been applied to various wind tunnels. For ex-
ample, the resonant frequencies for both the rectangular wind tunnel (rectangular cross section) and the NASA
Langley Research Center 16 x 16 ft Transonic Dynamics Tunnel (octagonal cross section) have been calculated.
Plenum chamber effects on wind-tunnel resonance is significant in a Mach number range of 0-0.5. The results
are more accurate than theoretical values obtained by using an averaged homogeneous boundary condition on
the slot.
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Nomenclature
speed of sound of fluid medium
effective speed of sound of fluid medium defined in
Eq. (15)
matrix defined in Eq. (43)
depth of plenum chamber
variational functional for complementary system
column vector on slot boundary defined in Eq. (44)
height of tunnel

stiffness matrix for whole system
element stiffness matrix
freestream Mach number
element mass matrix
mass matrix for whole system
row matrix of shape function
perturbation pressure
column vector of nodal pressure values
boundary surface
time
freestream velocity
rectangular coordinates
wave number
Vl -M2

acoustic displacement
density in undisturbed stream, mean density
perturbation velocity potential in test section
perturbation velocity potential in plenum chamber
angular frequency

I. Introduction

T HE dynamic experimental test results in a wind tunnel
may be affected by the so-called "resonance" problem

when the model frequency is near a wind-tunnel resonant fre-
quency. Runyan et al.1 conducted experimental tests for the
investigation of the tunnel resonance on the forces on an
oscillating airfoil. Widmayer et al.2 conducted some ex-
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periments to measure the oscillatory aerodynamic forces and
moments acting on a rectangular wing. The test results were in
considerable error near the tunnel resonant frequency. The
probable occurrence of resonance was also observed in ex-
periments on the two-dimensional wing by Clevenson and
Widmayer.3 There is, therefore, a need to be able to predict
the wind-tunnel resonant frequency accurately.

The previous investigators4'7 have obtained the resonant
frequencies based on the assumption that the plenum chamber
surrounding the test section is large. However, the depth of
the plenum chamber is generally less than twice the height of
the test section. Therefore, the effect of the plenum chamber
on the resonance should be considered. Mabey8 suggested that
any theory that does not consider the plenum chamber effects
for a slotted tunnel is in error in a Mach number range of
0-0.5. Mabey developed an improved theory applicable to
wind tunnels that have finite plenum chambers, and this
theory agrees well with experiments for rectangular tunnels.
However, it is difficult to analyze the resonance for an ar-
bitrarily shaped test section and plenum chamber. In this
analysis, we will apply the finite-element method to this
problem.

II. Governing Equation and Boundary Conditions
The cross section of a wind tunnel with a plenum chamber is

shown in Fig. 1, and the side view of the wind tunnel is given
in Fig. 2. We assume that the wind tunnel extends from
z = — o° to +00 and has a uniform velocity U and a Mach
number M. The test section height is //, and the plenum
chamber depth is b. The wind tunnel has slotted walls between
the test section and the plenum chambers, which are assumed
to be thin and rigid and to have no viscosity effect. Further-
more, the mean pressure and static temperature are assumed
to be the same in the test section and the plenum chambers.
The densities in the test section and the plenum chambers are
the same.

We denote the velocity potential in the test section as <t> and
in the plenum chamber as \l/. If we consider a rectangular coor-
dinate system defined as shown in Figs. 1 and 2, then for small
disturbances, the perturbation velocity potential in the test
section satisfies the following equation:

2M2

U *•
M2

U2 (1)
Many wind tunnels have a number of slots running parallel to
the axis of the tunnel to reduce the model blockage effect.
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Fig. 1 Cross section of wind tunnel with plenum chamber.
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Fig. 2 Side view of wind tunnel with plenum chamber.

The boundary condition at a solid wall of the test section is
dcf>/dn = 0. The flow in the absence of a model is given by
$ = 0 everywhere. However, it is necessary to obtain nonzero
oscillatory solutions of Eq. (1) satisfying the same boundary
conditions in order to solve the resonance problem.

For the test section, we assume disturbances of the form

(2)

where $ is any function of x and y and a. is a streamwise wave
number. Substituting Eq. (2) into Eq. (1), we get

(3)
U2 U

The boundary condition on the solid wall (at x~ ±H/2 and
y= ±H/2) is given as

- = 0 (4)

where n is the outward normal to the boundary.
The following procedure to derive the resonance condition

is repeated from Ref. 6 for easy understanding of resonance
phenomena. Equation (3) can be written as

(5)

Equation (5) with the boundary condition of Eq. (4) has a
nontrivial solution if A has one of the eigenvalues An

n u2 u
Rearranging this equation, we get

_ „ 2M2co /co2M2

-a— [ •

-(l-M2)a2

Then,

When

U

M2co—

\ U2

U

(6)

(7)

(8)

(9)

a has real values, and Eq. (2) represents a traveling wave of
constant amplitude. When

Mco
(10)

then a has two conjugate complex values, and Eq. (2) is no
longer a traveling wave of constant amplitude.

For each eigenvalue An, the smallest value of co for which a
disturbance of Eq. (2) can have bounded amplitude is given by

For this condition, we get the following relation from Eq. (8):

a = M2u/U!32 (12)

Substituting Eq. (12) into Eq. (3), we can obtain the following
equation:

$^4-$^+ (<jo/a0(3)2$ = Q (13)

When Eq. (2) is substituted, Eq. (13) is equivalent to the
following equation:

This is the wave equation, with the effective speed of sound

Perturbation pressure is computed from the following rela-
tion, consistent with Eq. (1):

P=-l

From Eq. (2), pressure is given by

p= —

(16)

(17)

Using Eq. (17), we can then derive the following equation
from Eq. (14):

(18)

This is the basic equation in the test section and will be com-
bined with the equation for the plenum chamber to obtain the
resonant frequencies in a later section.

For the plenum chamber, we assume that the velocity is
zero. That is, M=U = 0 in the plenum chamber. Then, the
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perturbation potential equation, Eq. (1), for the plenum
chamber becomes

(19)

Solutions of Eq. (19) must be compatible with Eq. (2) on the
transonic slot.8 Therefore, we assume a solution of the form

(20)

(21)

For the plenum chamber, the governing equation is

From Eqs. (19) and (20), we get

Since (/is assumed to be zero in the plenum chamber, the per-
turbation pressure in the plenum chamber is computed from
the following relation:

(22)/>=-/

From Eqs. (20) and (22), pressure is given by

(23)

Substituting Eq. (12) into Eq. (21), we get the following
equation:

where

(24)

(25)

Subjected to Eq. (20), Eq. (24) is equivalent to the following:

^ + ̂ -(^/«o/3)V« = 0 (26)

Using the relation of Eq. (23), Eq. (26) becomes

= Q (27)

This equation is the basic equation for the plenum chamber.
The boundary condition on the outer walls of the plenum

chamber is given as

^ = 0 (28)

at y= ± (b + H/2), On the slot at y = ±H/2, the continuity
conditions should be satisfied:

^y = ty (29)

The governing equations and boundary conditions for the
test section and plenum chamber are summarized as follows.
For the test section, the governing equation is

(30)

(31)

(32)

The boundary condition on the solid boundary is

dpl - = 0

and on the open boundary is

where £, is the normal acoustic displacement and the normal is
taken to be directed out of the surface.

The boundary condition on the solid boundary is

—— -0
dn

and in the open boundary is

(33)

(34)

(35)

On the common open boundary, the following relation is
needed to satisfy the continuity:

€i = -*2 (36)

III. Variational Principle
Variational principles were recently applied to acoustic

problems and to the interaction between acoustics and struc-
tures.9"20 Gladwell21'22 gives the energy and complementary
energy formulations of acoustic and structural vibration
systems. We will use the complementary variational principle
to formulate the finite-element method for the wind-tunnel
resonant problem.

In the previous section, the governing equations and bound-
ary conditions were obtained for the test section and the
plenum chamber. The governing equations, Eqs. (30) and
(33), are expressed in terms of pressure, and they can be
obtained from the variation of an appropriate functional. The
appropriate functional for the test section is written as

where Sf is the open boundary.

(37)

SLOT
SOLID WALL

Fig. 3 Finite-element mesh for rectangular tunnel with plenum
chamber (5 slots), b = 0.333 H.
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For the plenum chamber,

F2=-

(38)

Therefore, setting the first variation of these functional Fl
and F2 to zero gives the governing equations and the boundary
conditions. Hence, we will use Eqs. (37) and (38) to formulate
the finite-element method.

The first variation of Eqs. (45) and (46) gives the following
eigenvalue problems for sub volume vf. For the test section,

For the plenum chamber,

[ /w] /{P 2 ) / -w 2 [A: 2 ] / {p 2 }/ -

(47)

(48)

On the slot, the test section and the plenum chamber have a
common open boudnary on which ̂  = -£2. Therefore, if we
assemble the whole element, we can get the eigenvalue prob-
lem for the complete system:

IV. Finite-Element Formulation
It was stated in the previous section that the solution of the

differential equation subjected to the boundary conditions
Eqs. (30-35) can be replaced by an equivalent variational prin-
ciple (&F! =0 and <5F2 = 0). Within each element, we can ap-
proximate the pressure distribution by row matrix [N] t of
shape functions:

(39)

Here, [p) / is a column vector of nodal pressure values for this
/th element.

For each element, the required functional can be obtained
by substituting Eq. (39) into Eq. (37) and (38). If we define the
stiffness matrix and mass matrix as [k]i9 [m]h respectively,
we obtain

(40)

(41)

(42)[m], = [ [B]f[B],dv
Jt);

[B], =

_
dx

d_
dy IN], (43)

and the column vector {/) , on the slot is defined as

f / ) ,= ls LN]TdS (44)

Therefore, for each element, we can get the following func-
tionals. For the test section,

(45)

For the plenum chamber,

(49)

For this analysis, the isoparametric finite-element is more ef-
fective.23 Two-dimensional four-node elements are used to
calculate element mass and stiffness matrices.

V. Results and Discussion
A. Rectangular Wind Tunnel

Let us consider the rectangular wind-tunnel cross section
with five slots on the floor and ceiling as shown in Fig. 3. The
plenum chamber surrounding the test section is rectangular in
shape and has depth b. The slot open ratio is 18.0% in this
case. First, we choose the wind-tunnel height as 102 mm to
allow comparison with Mabey's results. The results are given
in Fig. 4, in which the total number of elements used is 152, of
which 60 elements are used in the test section. The trends vs
Mach number are similar to Mabey's results. Although
Mabey's result, which was obtained by using an averaged
homogeneous boundary condition on the slots, agrees well
with experimental test results, the finite-element method gives
better prediction of resonant frequency.

As a second problem, we will consider the rectangular wind-
tunnel cross section with one slot on the floor and ceiling as
shown in Fig. 5. The plenum chamber surrounding the test
section is again rectangular in shape. The slot open ratio is
33.3% in this case. The wind-tunnel height is again 102 mm.
The results are given in Fig. 6, in which the total number of
elements used is 45, of which 9 elements are used in the test
section. The solid curve represents the resonant frequency for
the slot-closed condition. The dashed curve was obtained by
applying zero pressure on the slot boundary and corresponds
to the resonant frequency obtained by the previous in-
vestigators24 for the slot-open condition. However, this value

————— FINITE ELEMENT RESULT

--.-— MABEY'S THEORY (REF. 8)

O EXPERIMENTAL TEST RESULT (REF. 8)
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Fig. 4 Resonant frequency for rectangular tunnel with plenum
chamber (5 slots), b = 0.333 H.
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OPEN BOUNDARY (SLOT)
TEST SECTION WALL

Fig. 5 Finite-element mesh for rectangular tunnel with plenum
chamber (1 slot).
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Fig. 7 Finite-element mesh for NASA Langley 16 x 16-ft TDT with
plenum chamber.

Fig. 6 Resonant frequency for rectangular tunnel with plenum
chamber (1 slot).

Fig. 8 Finite-element mesh for NASA Langley 16 x 16-ft TDT with
control room in plenum chamber.

is in considerable error when the Mach number is less than
0.618, since the plenum chamber effect on the resonance is not
considered. For this analysis, two different depths of plenum
chamber were considered. The trends vs Mach number are
similar to the previous ones. When the Mach number is
smaller than 0.618, the resonance frequency is smaller than
that of the closed tunnel, whereas when the Mach number is
greater than 0.618, the resonance frequency is greater than
that of the closed tunnel. As the plenum chamber depth in-
creases, the resonance frequency decreases when the Mach
number is less than 0.618. The surprising change in the
character of the solutions at M- 0.618 may be explained by
acoustic theory. Mabey used acoustic ray theory25 to explain
these characteristics. The main characteristic is that the sound
wave of the test section does not enter the plenum chamber
when the Mach number is greater than 0.618. Expecially when
M= 0.618, the resonance frequency would be influenced by
neither the open ratio nor the depth of the plenum chamber.

Another explanation is plausible, however. In the plenum
chamber, the governing equation is Eq. (26). When M= 0.618,
K2 = 0, and when Mis greater than 0.618, K2 is less than zero.

Fig. 9 Finite-element mesh for NASA Langley 16 x 16-ft TDT with
shallow plenum chamber.



1092 I. LEE AIAA JOURNAL

OPEN TUNNEL WITHOUT P. C., n=72
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Fig. 10 Resonant frequency for NASA Langley 16 X 16-ft transonic
dynamic tunnel.

Therefore, when Mis greater than or equal to 0.618, Eq. (26)
is no longer the wave equation, and the sound wave of the test
section cannot propagate into the plenum chamber. However,
when Mis less than 0.618, K2 is greater than zero, and Eq. (26)
is the wave equation. In the test section, the governing equa-
tion, Eq. (14), is always the wave equation when the Mach
number is less than 1. Therefore, the resonance characteristics
of the wind tunnel with the plenum chamber will change ac-
cording to whether the Mach number is greater or less than
0.618.

B. NASA Langley 16 X 16-ft Transonic Dynamics Tunnel
The NASA Langley Transonic Dynamics Tunnel (TDT) has

a 16 x 16 ft octagonal test section surrounded by a plenum
chamber whose diameter is 60 ft. The slot open ratio is 4.2%.
The test medium is Freon gas, and its speed of sound is 498.7
ft/s. Figure 7 shows the finite-element mesh used to analyze
the effect of the plenum chamber. Figure 8 represents the
finite-element mesh used to analyze the effect of the control
room in the plenum chamber. The finite-element mesh used to
study the effect of the shallow plenum is given in Fig. 9.

The finite-element results are given in Fig. 10, and the
resonance characters are similar to those of the rectangular
tunnel. Here again M= 0.618 is the interesting Mach number.
The effect of the control room in the plenum chamber is very
small, as shown in Fig. 10.

The mode shapes of the vertical vibration mode of the
NASA Langley TDT are given in Fig. 11. Along the y axis, the
pressure is continuous through the slot. Along section A-A in
Fig. 7, the pressure is discontinuous across the solid wall, and
dp/dn is zero at the solid wall. When M=0.5, the pressure in
the test section can propagate to the plenum chamber, and the
pressure in the plenum chamber can also propagate into the
test section. When M=0.7, the pressure in the plenum
chamber becomes zero as the distance from the test section
becomes large, and this pressure cannot propagate into the
plenum chamber. Only the plenum chamber pressure near the
slot is affected by the test section. Therefore, when M is
greater than 0.618, the plenum chamber effect is small,
whereas when Mis less than 0.618, the plenum chamber effect
is large.

a) M=0.5

P —

(ii) Along section A—A

A

(i) Along y- axis (ii) Along section A-A

Fig. 11 Vertical vibration mode shape of NASA Langley TDT.
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